After a brief review of the foundations of (pre-metric) electromagnetism, we explore some physical consequences of electrodynamics in curved spacetime. In general, new electromagnetic couplings and related phenomena are induced by the spacetime curvature. The applications of astrophysical interest considered here correspond essentially to the following geometries: the Schwarzschild spacetime and the spacetime around a rotating spherical mass in the weak field and slow rotation regime. In the latter, we use the Parameterised Post-Newtonian (PPN) formalism. We also explore the hypothesis that the electric and magnetic properties of vacuum reflect the spacetime isometries. Therefore, the permittivity and permeability tensors should not be considered homogeneous and isotropic a priori. For spherical geometries we consider the effect of relaxing the homogeneity assumption in the constitutive relations between the fields and excitations. This affects the generalized Gauss and Maxwell-Ampère laws where the electric permittivity and magnetic permeability in vacuum depend on the radial coordinate in accordance with the local isometries of space. For the axially symmetric geometries we relax both the assumptions of homogeneity and isotropy. We explore simple solutions and discuss the physical implications related to different phenomena such as: the decay of electromagnetic fields in the presence of gravity, magnetic terms in Gauss law due to the gravitomagnetism of the spacetime around rotating objects, a frame-dragging effect on electric fields and the possibility of a spatial (radial) variability of the velocity of light in vacuum around spherical astrophysical objects for strong gravitational fields.
I. INTRODUCTION
From the known physical interactions in Nature, the electromagnetic and gravitational forces were the first to be studied. They still continue to drive an incredibly rich theoretical and experimental research programs. These classical fields are the ones pervading our physical experience more directly at macroscopic scales, although the electromagnetic field is extremely relevant also at molecular, atomic and subatomic scales. On the other hand, gravity substantially governs the astrophysical and cosmological dynamics, but even at these scales electromagnetic fields are extremely important, in particular, in many astrophysical bodies and environments. Given the strong analogies between these interactions, it is not surprising that many historical attempts towards a unified field theory have occurred, driving important developments in theoretical physics [1] . Such a quest delves directly into one of the most fundamental questions in physics, namely the nature of space and time and its profound relation with physical fields and properties (see also [2] ).
It is well known that the theory describing electromagnetism can be expressed in the most general way using the exterior calculus of forms developed by Cartan. Based on previous works (see [3] and references therein), Hehl and Obukhov [3] [4] [5] [6] [7] clarified that this formalism is well established on four main postulates or axioms. These are charge conservation, magnetic flux conservation, Lorentz force and the constitutive relations between the fields (E, B) and excitations (D, H). The first three have a good experimental basis while the last postulate, which usually considers linear, local, homogeneous and isotropic relations, is not so well supported by experiment. These relations in vacuum can be understood as expressing constitutive relations for the spacetime itself [6, 7] . There is, one could say, a greater freedom in changing this postulate than the other three. Different electromagnetic models arriving from such changes are those of Heisenberg-Euler non-linear electrodynamics [8] or Mashhoon-Volterra non-local theory [9] , for example. In a previous work [10] , we briefly mentioned the idea of letting go the requirement of homogeneity and isotropy, which can be understood as a consequence of assuming that the electromagnetic properties of spacetime (or electrovacuum) have symmetries which follow the spacetime isometries (locally).
Indeed, in the spirit of general relativity (GR), such isometries are not a priori given, instead they reflect the local geometry of specific physical situations. Likewise, the electric permittivity and magnetic permeability tensors should not be considered homogeneous and isotropic (a priori), regardless of spacetime local symmetries. Such alternative or extended electromagnetic theories can and should be tested experimentally in the context of the coupling between electromagnetic fields and gravity. Indeed, already at the foundational level there is an intimate link between spacetime geometry, in particular, the conformal structure, and electrodynamics via the constitutive relations [6, 7] . In this work, we start by considering linear, local, homogeneous and isotropic constitutive relations and study the effect of spacetime geometry on electromagnetic fields for specific physical situations. With this restriction on the constitutive relations we are then restricting the study to Maxwell electrodynamics in curved spacetime around astrophysical objects. We will also briefly study the effects of relaxing the condition of homogeneity for spherical (isotropic) geometries and relaxing both homogeneity and isotropy for the axial symmetric case. The inhomogeneous equations, the Coulomb-Gauss and Oersted-Ampère laws and the wave equations, constitute the basis for the physical applications we explore in the following sections. The equations will be shown explicitly and some physical consequences explored for two different geometrical backgrounds: 1) the Schwarzschild metric and 2) the geometry outside a stationary spherical gravitational mass with slow rotation in the weak field limit. (We considered the background of gravitational waves in a separate work [11] ). The second case will be analysed using the Parameterized Post-Newtonian (PPN) formalism, first developed for solar system tests, which allows to parameterize different theories of gravity (see [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] ).
As previously mentioned, both gravitational and electromagnetic fields are fundamental at astrophysical scales governing the dynamics and driving the complex processes of structure formation (stars, galaxies, clusters, etc) as well as creating the conditions for extreme thermodynamical states of matter and nuclear reactions. Many highly energetic phenomena in astrophysics involve very strong gravity and electromagnetic fields interacting with very hot relativistic plasmas (see [23] ). Therefore, the study of the coupling between gravity and electromagnetic fields is fundamental to a deeper understanding of many observed phenomena in high energy astrophysics. It is also relevant for the processes behind the formation and evolution of Active Galactic Nuclei (AGN) and to the physics of compact objects such as pulsars and black holes. For example, it is well know that gravitomagnetic fields play an important role in models for the collimation of astrophysical jets along a well established axis [24, 25] , but such models should include the coupling of electromagnetic fields with gravity. Such couplings, in particular, with the gravitomagnetic term, might be useful to deepen the understanding of astrophysical jets in radio (active) galaxies. Magnetic fields are particularly relevant, since they pervade the physical Cosmos at planetary, stellar, galactic and extragalactic scales with different magnitudes (see [26] and references therein). These fields also play a vital role in the complex interaction between protostars and the environment of the hosting molecular giant clouds, which drives the processes of star formation and constitute a fundamental ingredient for the understanding of (phenomenological) stellar formation rates in galaxies [27] .
The applications in the following sections can have some astrophysical relevance but the main purpose here is to illustrate the effect of spacetime geometry in electric and magnetic fields motivated by relatively realistic astrophysical scenarios. An appropriate treatment of magnetic fields in relativistic astrophysical situations (with strong gravity) would require the equations governing fluids and fields of magnetohydrodynamics in the background of an appropriate spacetime metric. Furthermore, for cases with very strong magnetic fields, which can contribute to the gravitational field, the coupled EinsteinMaxwell equations (or its generalizations) need also to be included in the analysis. Such procedures require appropriate numerical methods and simulations.
The structure of this work is as follows. In Section II, we briefly review the foundations of electrodynamics and its deep relation to spacetime geometry [10] , presenting the basic equations to be explored in the applications. In Section III, we explore some physical implications for two important geometrical backgrounds, namely the Schwarzschild metric and the exterior geometry of a stationary spherical gravitational mass with slow rotation in the weak field limit. In Section IV, we discuss our results and conclude.
II. GENERAL FORMALISM
A. Pre-metric formalism plus spacetime constitutive relations
Before considering Maxwell fields in curved spacetime let us recall the more general (premetric) formalism at the foundations of electrodynamics. In the pre-metric formalism of electrodynamics, charge conservation gives the inhomogeneous field equations while magnetic flux conservation is expressed in the homogeneous equations [3] [4] [5] [6] [7] 
These are fully general, coordinate free, covariant equations without the need of an affine or metric structure of spacetime. Here J is the charge current density 3-form, G is the 2-form representing the electromagnetic excitation, F is the Faraday 2-form and A is the electromagnetic potential 1-form. The operator d stands for exterior derivative. The equations above were presented in a symmetric way to emphasize that, technically, the field G is a potential for the charge J in complete analogy with A, which is a potential for the field strength F. What provides the metric structure are the constitutive relations between G and F. We will assume linear, local, homogeneous and isotropic relations given by the expression
where dimensional analysis allows us to write λ 0 = ε 0 /µ 0 with ε 0 and µ 0 being the electric permittivity and the magnetic permeability of vacuum, respectively. The Hodge star operator ⋆ introduces the metric and maps k-forms to (n − k)-forms, with n representing the dimension of the spacetime manifold. With this assumption, the inhomogeneous equations can then be written by 3) or in terms of the potential by
In component form the above constitutive relations (2.2) are given by
where g βγ is the inverse metric and ǫ µνλγ is the 4-dimensional Levi-Civitta pseudo-tensor. The factor √ −gg αλ g βγ ǫ µνλγ is conformally invariant which means that at the foundational level electromagnetic fields are coupled to the conformal part of the metric. As a result, the light cone can be derived from linear and local electrodynamics [6] . The 2-form fields G and F can be separated into their electric and magnetic parts according to 6) where E and H are the electric field and magnetic excitation 1-forms, while B and D are the magnetic field and electric excitation 2-forms, respectively. Having performed a spacetime foliation, these fields are defined on the 3-dimensional hypersurfaces orthogonal to a time direction. The field equations in (2.1) have a well established empirical foundation (charge and magnetic flux conservations) while the constitutive relations are essentialy a postulate. Hehl and Obukhov have studied in detail more general constitutive relations beyond the usual local and linear relations [7] . In [10] , we suggested that the permittivity and permeability tensors for vacuum should reflect locally the spacetime isometries and should not be considered a priori homogeneous and isotropic. This hypothesis changes the constitutive relations and therefore the dynamical equations for the electromagnetic fields. In this work, we will also address these changes in specific physical applications. With the constitutive relations the main axiomatic (foundational) formalism of electrodynamics is complete.
B. Electrodynamics in curved spacetime
We will consider a 4-dimensional spacetime manifold with pseudo-Riemannian geometry with a (+ − −−) signature. Greek letters are spacetime indices ranging from 0 to 3 while Latin indices are space indices from 1 to 3. To explore electromagnetism in this geometry we will use the tensor formalism in order to better identify specific effects due to the components of the metric, for example, gravitomagnetic terms arising from off-diagonal time-space components which are a characteristic of axially symmetric spacetimes.
Integration theory and geometrical methods in 3-dimensional space can be used to derive the following electromagnetic equations which emerge from the principles of charge conservation, magnetic flux conservation and Lorentz force [3] [4] [5] [6] [7] 
These equations also follow from (2.1) using (2.6). To solve these equations one needs to consider the constitutive relations. It is easy to see [10] that the linear relations in (2.5) or (2.2) imply that, in general, for the quantities in Eq. (2.7) we get the expressions
, which include a mixing of electric and magnetic components and the influence of the spacetime metric. As a consequence, magnetic terms appear in the Gauss law for geometries with non-vanishing time-space metric components. This is easily seen by considering the more traditional 4-dimensional tensor formalism. We will consider this below. The constitutive relations in (2.5) are implicitly assumed in the usual electromagnetic action of the more traditional variational or gauge approach. The set of Maxwell's equations in curved spacetime (pseudoRiemann geometry) are the well known expressions
where F µν = g αµ g βν F αβ and we have used in the inhomogeneous equations the general expression for the divergence of anti-symmetric tensors in pseudo-Riemann
With the definitions
the homogeneous equations are the usual Faraday and magnetic Gauss laws
while the inhomogeneous equations can be separated into the generalized Coulomb-Gauss and Oersted-Ampère laws. These are, respectively
with the following geometric coefficients
.
We will refer to these as simply the Gauss and Maxwell-Ampère laws. One sees clearly, that new electromagnetic phenomena is expected due to the presence of extra electromagnetic couplings induced by spacetime curvature. In particular, the magnetic terms in the Gauss law are only present for non-vanishing off-diagonal timespace components g 0j , which in linearized gravity correspond to the gravitomagnetic potentials. These terms are typical of axially symmetric geometries (see [28, 29] ).
For diagonal metrics, the inhomogeneous equations, i.e., the Gauss and Maxwell-Ampère laws, can be recast into the familiar forms
14)
(These equations are special cases of the more general expression which can be obtained from (2.8), namely
New electromagnetic effects induced by spacetime geometry include an inevitable spatial variability (nonuniformity) of electric fields whenever we have nonvanishing geometric functions γ k , electromagnetic oscillations (therefore waves) induced by gravitational radiation and also additional electric contributions to Maxwell's displacement current in the generalized Maxwell-Ampère law. Notice that the functions ξ ii vanish for stationary spacetimes but might have an important contribution for strongly varying gravitational waves (high frequencies), since they depend on the time derivatives of the metric. Moreover, besides these predictions, as previously said, for axially symmetric spacetimes gravitomagnetic effects induce magnetic contributions to the Gauss law, with even static magnetic fields as possible sources of electric fields. These are physical, observable effects of spacetime geometry in electromagnetic fields expressed in terms of the extended Gauss and MaxwellAmpère laws which help the comparison with the usual inhomogeneous equations in Minkowski spacetime, making clearer the physical interpretations of such effects.
Finally, we review the field equations in terms of the electromagnetic 4-potential which in vacuum are also useful for the issue of electromagnetic waves. From (2.4) or (2.8), we get
where R ελ is the Ricci tensor. Using the expression for the (generalized) Laplacian in pseudo-Riemann mani-
and considering
vacuum we arrive at
which is a generalized Proca-like equation with variable (spacetime dependent) effective mass induced by the curved geometry. The second term in Eq. (2.18) can also be written in terms of the Levi-Civita connection,
valid in pseudo-Riemann geometry. In usual Proca-like wave equations there is no such a term dependent on the first derivative of the (massive) vector field. Similar terms appear for wave phenomena with longitudinal modes. For a diagonal metric in vacuum, we get 19) with no contraction assumed in ν. In general, and contrary to electromagnetism in Minkowski spacetime, the equations for the components of the electromagnetic 4-potential are coupled even in the (generalized) Lorenz gauge (∇ µ A µ = 0). On the other hand, for Ricci-flat spacetimes, the term containing the Ricci tensor vanishes. Naturally, the vacuum solutions of GR are examples of such cases. New electromagnetic phenomena are expected to be measurable, for gravitational fields where the geometry dependent terms in Eq. (2.18) are significant. The inhomogeneous equations (Gauss and MaxwellAmpère laws) constitute the basis for the physical applications we explore in the following section. The equations will be shown explicitly and some physical consequences explored for different geometrical backgrounds: 1) Schwarzschild metric and 2) the geometry outside a stationary spherical gravitational mass with slow rotation in the weak field limit. The second case will be analysed using the PPN formalism (first developed for solar system tests) which allows to parameterize different theories of gravity. The case corresponding to the background of gravitational waves was presented in a separate work [11] .
III. APPLICATIONS
A. Electromagnetic fields in spherically symmetric spacetime
The spherically symmetric spacetime geometry
In this section, we consider the spherically symmetric spacetime around a spherical mass M , given by the Schwarzschild solution of Einstein's equations
where Ψ(r) ≡ 2GM/c 2 r. This is the metric representing the geometry outside a (non-rotating) spherical mass due to a star for example, or outside a spherical (nonrotating) blackhole. When we consider the above metric in the next applications we assume that r > 2GM/c 2 . We recall that the coordinate r in general has no direct relation to the physical (proper) distance. Rather, it was chosen such that given the line element
for the 2-spheres of constant t and r ′ , under the appropriate coordinate change r ′ −→ r (such that f (t, r) = r 2 ), the perimeter and area of the 2-spheres with constant t and r, are given by the expressions 2πr and πr 2 , respectively [15] . Inside stars with radius R * , imposing the continuity for the metric functions at r = R * , we get
where ψ(r) ≡ 2Gm(r)/c 2 r, m(R * ) ≡ M and the surface of the star is defined such that p(R * ) = 0, (p is the pressure inside the star). The potential Φ(r) is obtained from the r component of the energy-momentum conservation laws ∇ µ T µν = 0, which gives [13, 15] (ρ m c 2 + p) dΦ dr = − dp dr ,
where ρ m is the mass density. To solve this equation one needs the equation of state describing the thermodynamical properties of the interior of the star, as well as the other two remaining differential equations describing the inner structure of spherical relativistic stars, which are derived from Einstein's equations. These correspond to the equations for ρ m (r) and m(r). The coordinate pathology happening for r = 2GM/c 2 in the black hole case, has no similar problem here because a careful analysis of the interior solution for ordinary stars shows that r > 2Gm(r)/c 2 always [15] . A simple pedagogical model which is not realistic (in fact it predicts an infinite speed of sound inside the star) is that of a star with constant density. Other more realistic well known exact solution is that of Buchdahl (1981) [15] , which assumes an equation of state of the form ρ m /c 2 = 12 √p p − 5p, wherep is an arbitrary constant, which can be made causal (with a speed of sound lower than that of light) and which for low pressures reduces to the equation of state of a n = 1 polytrope in Newtonian theory of stellar structure [15] .
Beyond ordinary stars, some old neutron stars can have a negligible rotation and have an approximately spherical gravitational metric field both inside and outside the matter. Nevertheless, the theoretical research on the equation of state for neutron stars is more delicate and it still has many open questions due to our lack of understanding of the properties of matter at supranuclear densities characteristic of the inner cores of such compact objects. We hope to clarify many of the physical issues involved with the advent of precision gravitational wave astronomy, in particular with its applications to asteroseismology. For simplicity, we will not consider interior solutions.
We now proceed with the analysis of electrodynamics in the background of the spherical geometry in Eq. (3.1). Let us start by observing that in general, the first term in Maxwell's inhomogeneous equations in Eq. (2.8) for any fixed ν, corresponds to the usual divergence, while the factors in the second term which are being contracted with (the contravariant components of) the Faraday tensor correspond to the components of a gradient. These terms must be computed using the appropriate expressions for a given system of coordinates. From these considerations in spherical coordinates, with the metric in Eq. (3.1), the following expressions are obtained for the geometric functions that enter in the Gauss law (2.11)
4) and in the Maxwell-Ampère law (2.12)
respectively.
Electrostatics in the Schwarzschild geometry
The Gauss law (2.11) in the Schwarzschild geometry (3.1), for the case of a static radial field with spherical symmetry becomes
The charge distribution can be that of a spherical charge or a spherical shell. In any case, a characteristic radius can be defined, which we simply represent by R. In vacuum, outside the gravitational source, be it a star or a black hole (in which case we consider r > 2GM/c 2 ) and outside the charge distribution, the solution to Gauss' law is 6) contrasting with the simple r −2 dependence in usual electrostatics. Through dimensional analysis we can write C = αkQR 2 , where, as mentioned before, R can be viewed as the radius of the charged body, k ≡ 1/4πε 0 and α is an arbitrary (dimensionless) constant which can be fixed by comparing with the inner solution at r = R and imposing continuity. Near the surface of the massive body the deviation of our solution with respect to the case without gravity is largest. In particular, such effects can be considered for charged stars or charged black holes, by identifying R with R * in the case of stars or with 2GM/c 2 for the black hole case. One can also assume, as an interesting exercise, the case in which the charge distribution is due to a spherical shell (with outer radius R) immersed in the Schwarzschild geometry (3.1). In such a case, inside the spherical charged body but still outside the black hole or outside the star, by assuming uniform charge density, the solution of Gauss' law is given by
where 2GM/c 2 < r < R for black holes, and R * < r < R for stars. Recall that in usual electromagnetism inside spherical insulators we have E r = rρ/3ε 0 plus a vacuum term (proportional to an arbitrary constant) which is usually chosen to be zero to guarantee continuity at r = R. Therefore, in usual electrostatics, both solutions coincide for r = R. Similarly, setting the vacuum term to zero in the above solution (C = 0) and imposing the continuity of the solutions at r = R, fixes the value of α. We conclude that in the Schwarzschild geometry, the electric field decays more strongly outside a (spherical) charged body and increases more slowly inside, in comparison with the same physical situation in flat spacetime. In particular in vacuum, we get
Electric field due to charged plates in equatorial orbit in the (gravitational) weak field limit: Previously, we assumed that the electric field had spherical symmetry just like the metric. Now we consider the simplest case in which the electric field has a single component E x (in a certain fixed system of coordinates). In this case, outside the charge distribution, the Gauss law (2.11) provides
Let us consider the weak field limit of the Schwarzschild solution (expanding the metric in powers of 2GM/c 2 r up to first order). In isotropic Cartesian coordinates the metric is then given by
where,r ≡ x 2 + y 2 + z 2 . We then have the following solution
In flat spacetime, the electric field is uniform with magnitude given by E 0x . Sufficiently far away from the gravitational source (star, planet or black hole) the electric field is uniform. The effect of gravity on the electric field can then be characterized by the dimensionless quantity 12) which vanishes whenr → ∞. Recall that electric fields with quasi parallel field lines can result from charged plates. In particular, this result means that in the vicinity of a spherical mass, the electric field created by a single charged plate or by a plane capacitor (oriented along the x axis in this case) is no longer uniform. The field changes its magnitude due to spacetime curvature. Far from the gravitational source we recover the uniform electric field. An interesting application of this result is the following thought experiment: Consider a plane capacitor with charge Q, an area given by A = L 2 and a distance between plates D. Suppose this system is put in equatorial orbit around a certain quasi-spherical astrophysical mass M with negligible rotation. Further, suppose that the line perpendicular to the capacitor's plates is always aligned with a certain reference distant Quasar, in the x axis (of the Cartesian system centred in the gravitational source). Once the system is in orbit, that direction will be aligned with the radial direction relative to the central mass, twice per cycle. Alternatively this direction will be perpendicular to the radial line, also twice a cycle (when the system is crossing the y axis). The electric field, which is always aligned with the x axis, has a magnitude which varies with the distance to the center and therefore, twice a cycle the change in magnitude is either along the line connecting the two plates or along the perpendicular to that direction. The maximum change in magnitude for both cases is equal if D = L. On the other hand, if D ≫ L and L is sufficiently small, then the field is approximately uniform whenever the system is crossing the y axis and non-uniform in the rest of the orbit. If, whenever the capacitor is crossing the x axis the maximum change in magnitude is |∆E x |, then the dimensionless quantity of experimental relevance is then |∆E x |/E 0x , which measures the strength of the effect of gravity in the weak field regime. The value E 0x = Q/ε 0 L 2 is the usual value of the uniform field inside the capacitor in the absence of gravity.
The strength of this effect when the capacitor is crossing the x axis, with one plate at position x and the other at x + D, is given by
13) where the distances are in units of R sch ,X ≡r/R sch , D ≡ D/R sch . This dimensionless quantity measures the maximum change of the magnitude of the electric field inside the capacitor due to the gravitational field of the astrophysical spherical mass. In principle, this effect could be used to test GR and modified theories of gravity, providing another complementary (weak field) test in the Solar System.
Since the values of the Schwarzschild radius for the Sun and Jupiter are approximately 2.95 × 10 3 m and 2.2m, respectively, the effect should be very small unless one gets extremely close to their surfaces. For example, for a laboratory in orbit around Jupiter at a distance approximately equal to three times Jupiter's radius (X ∼ 9×10 7 ) we have the following values
Naturally, these tiny values represent an enormous experimental challenge in terms of the sensitivities and noise control requirements. The fact that we are not using test masses, but electric fields instead to study gravity, complicates further the experiment due to various possible environmental effects related to space weather, in particular, solar and planetary magnetospheres. In any case, it is always better to measure voltage differences than to measure the electric field itself, since better sensitivities can be obtained. The Voltage drop between the two plates will be less than in the absence of gravity. In principle, since different points inside the capacitor will be at different radial coordinates which change with time, we also expect the generation of electromagnetic radiation with a frequency related to the orbital frequency of the spacecraft. This electromagnetic radiation should be linearly polarized and is completely induced by the effect of gravity in the electric field inside the capacitor and the orbital motion of the spacecraft.
Electric field in the gravitational field of a massive spherical object -Case of non-homogeneous, isotropic constitutive relations: In [10] we considered the possibility of changing the constitutive relations between the electromagnetic fields and excitations by relaxing the assumptions of homogeneity and isotropy. The idea behind this suggestion comes from the very deep relation between spacetime geometry and electrodynamics, already present at the foundations of electromagnetism, and so well explained by Hehl and Obukhov. But, it also comes from the notion that the physical properties of vacuum (or electrovacuum) should not be a priori given. This follows the spirit of GR which is a background independent theory and therefore the local geometry of spacetime is not a priori given, rather it has to be considered for each physical system as a solution of the dynamical equations. Likewise, we postulate that the electric permittivity and magnetic permeability tensors for vacuum should reflect the local symmetries of spacetime geometry.
Let us consider spherical symmetry. Relaxing the assumption of homogeneity around spherical bodies, the linear, local, isotropic and non-homogeneous constitutive relation between the electric field and electric excitation is [10] 
The Gauss law can be written as
We will use the following Ansatz
which can be seen as the linear approximation of a Taylor expansion in powers of 2GM/(c 2 r). Hereγ is a dimensionless parameter. Then, considering the Schwarzschild geometry, and choosingγ = 1 we find the following solution in vacuum
This result includes the effect of a radial dependence of the electric permittivity of vacuum for spherical gravitational fields. The strength of the effect is given by
where E ε0 r corresponds to the solution in (3.6). According to the hypothesis we explore here in the curved geometry around a massive object, the electric permittivity of vacuum is not homogeneous, but has a radial dependence instead. For black holes, this effect influences electric fields more strongly near the horizon. The strength of the effect is maximum at the horizon where the magnitude of the electric field is 0.5 times weaker than the case with a constant permittivity tensor.
If we now repeat the analysis for the case of the electric field inside a plane capacitor in orbit around a spherical mass, we arrive at the result
(3.20)
The strength of the effect can be quantified again by comparison with the case where the electric permittivity is constant, where we get
In principle, this effect could be tested using electric fields inside capacitors and these expressions can be generalized to include the PPN approach.
Magnetostatics in the Schwarzschild geometryAstrophysical applications
Suppose that in some reference frame we have a static magnetic field due to a (stationary) current and no electric field. Then, the generalized Maxwell-Ampère law in Eq. (2.7) is given by the following equations
We can solve this for the homogeneous and isotropic constitutive relations [10] , that can be derived from Eq. (2.5):
The following applications can have some astrophysical relevance although, as previously mentioned, the main purpose here is to illustrate the effect of spacetime geometry in magnetostatics motivated from minimally realistic astrophysical scenarios. An appropriate treatment of magnetic fields in relativistic astrophysical situations (with strong gravity) would require the equations governing fluids and fields of magnetohydrodynamics in the background of an appropriate spacetime metric. Furthermore, for cases with very strong magnetic fields, which can contribute to the gravitational field, the coupled Einstein-Maxwell (or its generalizations) also need to be included in the analysis.
Magnetic field created by a ring of circulating plasma around a spherical mass: Consider a spherical astrophysical mass, which could be a black hole, with a stationary current loop around it on the equatorial plane (θ = π/2). This current distribution, which could be due to a disk of very hot plasma, would create an axially symmetric magnetic field of the general form 
which can be solved outside the current distribution by setting the RHS to zero. We will consider this equation in the equatorial plane and outside the disk (or ring) of currents, i.e., for r > R where R is a mean representative of the radius of the circular current distribution. Setting θ = π/2 the magnetic field will only have the θ component
where the ± refers to the cases in which the circulating current is moving in the direction of positive or negative ϕ, respectively. We then get H θ (r, π/2) = f (π/2)/r, which implies
We conclude that the magnetic field (on the equatorial plane) due to the circular current distribution decays faster with the radial distance, in the curved spacetime of Schwarzschild geometry, than in the flat (Minkowski) case (although, strictly speaking the radial coordinate here does not correspond to a physical distance).
We recall that at this stage we are neglecting rotation, therefore these calculations can be viewed as having an approximate validity around quasi-static spherical masses with an electric current due to a highly ionized gas in the orbiting accretion disk. Since the electromagnetic equations were considered and solved outside the current distribution creating the magnetic field and in the exterior (Schwarzschild) spacetime, another astrophysical scenario compatible with the approach taken here is that of a (quasi) spherical mass with negligible rotation with a magnetic field generated by electric currents in its interior, as long as the magnetic field energy density has a negligible effect in the gravitational field (no back reaction).
Magnetic field created by an astrophysical jet:
Consider now another idealized astrophysical scenario in which the spherical body emits a stationary jet of charged particles vertically, defining an axis. We set this to be the z axis. In this case, a magnetic field will arise with axial symmetry and along the ϕ direction with symmetrical configurations above or below the θ = π/2 plane
The relevant Maxwell-Ampère equations outside the current distribution are
and therefore H ϕ (r, θ) ∝ (r sin θ) −1 , which implies
Here we considered a constant magnetic permeability tensor for vacuum, but following our hypothesis that the properties of this tensor should reflect the local spacetime isometries it should be interesting to compute the changes to these results if the magnetic permeability has a radial dependence. This is what we do next.
Magnetic field around a spherical gravitational field, with non-homogeneous constitutive relations: Let us consider the effect of relaxing the condition of homogeneity in the constitutive relations, assuming a radial dependence of the permeability tensor in vacuum, i.e.,
We introduce the ansatz 35) and chooseγ = 1. The above results are therefore generalized into
for the magnetic field due to a ring of current (in the equatorial plane) and to the astrophysical jet, respectively. The strength of this effect in comparison with the case with a homogeneous magnetic permeability tensor, is stronger near the horizon
Contrary to what happened with the electric field case, the radial dependence of the permeability tensor enhances the magnetic field in comparison with the case of magnetic homogeneity of vacuum. In the limit, at the horizon of black holes, the magnetic field is stronger by a factor of 2. This fact comes from the very nature of the constitutive relations and the physical dimensions of the magnetic field. Indeed, the magnetic permeability appears in the denominator in (3.34) while the electric permittivity appears in the numerator in (3.15) . Like in the case of the electric field, sufficiently far way from the source, the effect becomes neglibible.
B. Maxwell fields around slowly rotating objects in the weak field limit within the PPN formalism
The appropriate metric describing the local geometry outside a stationary rotating mass is the Kerr metric [30] . Expanding this geometry to first order in the angular momentum J, we get the geometry outside the source in the limit of slow rotation [13] Recall that the deformations of the object's spherical symmetry depend quadratically with angular momentum J, while the metric already changes at the linear level. Therefore, this geometry is a good approximation to that of a slowly rotating (quasi) spherical gravitational mass.
In the weak field limit (non-relativistic weak gravitational sources) the above metric is given by the following expressions in spherical and (isotropic) Cartesian coordinates, respectively [13] 
wherer ≡ x 2 + y 2 + z 2 , as before. The first three terms correspond to the Schwarzschild geometry in the first order approximation. In fact, these expressions are a particular case of the general line-element for nonrelativistic stationary sources, understood as a linear perturbation of Minkowski background spacetime [12] 
with g αβ = η αβ + h αβ , where Φ (g) and A i (g) are the gravitoelectric and gravitomagnetic potentials respectively, which can be defined through the expressions below [12] 
and
For a brief review on gravitolelectromagnetism in the perturbative as well as geometric approaches, see [31] . In this perspective, we can clearly see that the influence of the object's angular momentum in the surrounding spacetime express the gravitomagnetic effect (measured around Earth in the Gravity Probe B experiment [32] ). The PPN (Parameterized Post-Newtonian) formalism allows one to parameterize geometrical gravitational theories within the Solar System, or more generally around spherically symmetric stationary (possibly rotating) gravitational sources. Many dimensionless parameters appearing in Taylor expansions of the metric are thus defined describing deviations from GR. For example, two of the most important ones, β and γ, can arise from an expansion in powers of GM/c 2 r of the most general static spherically symmetric spacetime [13] 
where γ is a measure of the spatial curvature produced by a unit rest mass, while β is a measure of how much non-linearity is present in the superposition law for gravity. The higher order terms in the expansion give the so-called Post-Newtonian corrections while the expansion up to first order represent the weak field limit and is sometimes referred to as the Newtonian limit. However, strictly speaking there can be corrections to Newton gravity even in the first order (weak field) limit, as in the case of slow rotation where the gravitomagnetic potential and corresponding vector field allows non-Newtonian predictions, such as frame dragging or Lens-Thirring effects [12] . In GR, we have β = γ = 1. Many of the so called gravitational classical tests can be expressed in terms of these parameters [12, 13] . For example, the deflection of light due to the Sun's gravitational field, the precession of the perihelion of planetary orbits and the Shapiro time delay of light signals in the Sun's field (see [13] , for example). Will [16, 17] , Ni [18, 19] and Misner et al [20] used ten parameters in the Beta-Delta notation and later, a different set of 10 parameters was used in the Alpha-Zeta notation (see for example [21, 22] ), but γ and β coincide in both notations. In the first notation ∆ 1 and ∆ 2 are intimately related to the off-diagonal elements characteristic of a Kerr-like metric, since ∆ 1 measures how much dragging of inertial frames is produced by unit linear momentum and ∆ 2 measures the difference between radial and transverse momentum on dragging of inertial frames. All parameters are potentially useful to constrain alternative or extended geometric theories of gravity. For the slowly rotating object of our interest, when the expansions on the dimensionless quantities GM/c 2 r and GJ/c 3 r 2 are taken up to first order (in the most general axially symmetric metric), one arrives at the following expressions in spherical and (isotropic) Cartesian coordinates
respectively, where α 1 ≡ 7∆ 1 + ∆ 2 − 4γ − 4, measures the extent of preferred frame effects and is equal to zero in GR. The following bounds taken from Will [22] due to local (Solar System) tests should be taken under consideration by any gravitational theory
where the first result was obtained through light deflection and time delay, the second is due to perihelion shift and the last from orbit polarization in Lunar Laser Ranging (LLR).
puts forward the interesting possibility of having even static magnetic fields as sources of electric fields. A possible application concerns the magnetic field around rotating neutron stars. This field feels the presence of very strong gravity where the curvature of spacetime should not be neglected. In such astrophysical conditions the theory here exposed suggests an induced electric field component due to the coupling between the magnetic field and the gravitomagnetic character of gravity.
Another application comes from supermassive rotating black holes in the center of disk-shaped galaxies. It is well know that the frame-dragging character of the gravitomagnetic field around the rotating mass can be understood as a differential rotation of the curved spacetime around the rotation axis of the object (as seen from an observer far away from the source). Such a rotation is analogous to what happens in tornadoes where, in contrast to rigid bodies, the angular velocity is higher towards the center and decays with radial distance. Accordingly, from the coupling between gravitomagnetism and electromagnetic fields within Maxwell's equations, it is natural to expect a frame-dragging effect on these fields (see also [33, 34] ). Therefore, an electric field around a super-massive rotating black hole would feel the differential rotation of spacetime resulting in a spiral pattern for the electric field lines along the galactic equator. If this relativistic (non-Newtonian) effect might provide some light into the understanding of the formation processes of spiral structures in galaxies, remains up to this moment a challenging and open question.
Changing the Cartesian (isotropic) coordinates in Eq. (3.46) to (axi-symmetric) cylindrical coordinates (t,R, φ, z), the metric becomes
whereR is a radial coordinate related to the physical distance to the rotation axis. The Gauss law, in vacuum, for this case is
We will assume for simplicity no magnetic fields. Then we have the following linear (homogeneous and isotropic) constitutive relations [10] In the equatorial plane, setting z = 0, the radial component of the electric field in the spacetime around the rotating massive object is given by
and for J = 0
where C is a constant. On the other hand, the Faraday law gives ∂ z E φ = ∂RE φ = 0, therefore E φ is an arbitrary constant that can be set to zero without a significant loss of generality. We see that the gravitomagnetic term affects the gravitationally induced decay of the radial component of the electric field. These astrophysical scenarios intend to illustrate possible gravitomagnetic effects, affecting electromagnetism directly through the very nature of the field equations in curved spacetime. In fact, in the most general case it becomes clear that electrostatics and magnetostatics are no longer separated, but instead become coupled in the presence of gravitomagnetism. We assumed for simplicity a vanishing magnetic field, but as previously mentioned, in general, even a static magnetic field will contribute to the electric field via this gravitomagnetic coupling induced by astrophysical sources with rotation.
Case of non-homogeneous and anisotropic electric permittivity: Following our hypothesis that the electromagnetic properties of vacuum should reflect the local spacetime isometries, the constitutive relation (3.49) in this case (neglecting magnetic fields for simplic-ity) is generalized into
The important physical idea here is that the electric permitivity should have axial symmetry and depend on the direction, i.e., (
Let us assume as an Ansatz, the following expression
whereγ and∆ are dimensionless parameters. This corresponds to the linear approximation of a Taylor expansion in powers of the relevant dimensionless quantities related to mass and angular momentum. By considering for simplicity the equatorial plane, i.e z = 0, then the result in Eq. (3.50) is generalized by replacing ε 0 with εR 0 (R, z = 0). As a consequence, in this case the electric field has a radial dependence which includes both the contribution from spacetime curvature (gravity) and a variable electric permittivity of vacuum. This is analogous to what we had in the spherical symmetric case generalized for the axial symmetric geometries. By turning off the angular momentum, we recover the spherical case. Further research is required to understand how the effects of having non-homogeneous (and anisotropic) permittivity and permeability tensors can have an impact on physical observables. Electric and magnetic fields interact with astrophysical plasmas in black hole accretion disks and around neutron stars. These interactions depend on the coupling constants which are basically the electric and magnetic properties of the medium. Such interactions need to be carefully taken care of, for instance, using magnetohydrodynamical computations. On the other hand, by changing the permittivity and permeability tensors, the propagation properties of electromagnetic waves is affected. We briefly discuss these issues in the conclusions. However, testing these hypotheses via observations need further analysis using the wave equations and also taking into account environmental effects, although this is not considered in the present work.
IV. SUMMARY AND DISCUSSION
Building on previous work [10] , in this paper, we explored the physical applications of electrodynamics in the background of a (pseudo) Riemann spacetime manifold. The main electromagnetic effects induced by spacetime curvature addressed here include the following: gravitational contributions for the decay of electric and magnetic fields in spherically symmetric spacetime, magnetic contributions to the Gauss law due to the gravitomagnetic character of the spacetime around rotating objects and the effects of relaxing the assumptions of homogeneity and isotropy of the electromagnetic properties of vacuum (the electromagnetic oscillations induced by gravitational waves were presented in another work [11] ). In particular, the physical (possibly measurable) effects of spacetime geometry in electromagnetic fields, expressed in terms of the extended Gauss and Maxwell-Ampère laws, helps the comparison with the usual results obtained from electromagnetism in Minkowski spacetime, making clearer the physical interpretations of such effects. In the following, we briefly summarize the topics explored in this work:
In the spacetime around spherical sources, the results confirm that gravity induces a (geometric) contribution to the decay of electric and magnetic fields along any radial direction. This can be seen in Eqs. (3.6), (3.8) , (3.30) and (3.33) . In principle, even electric fields due to plane charged plates, which are uniform in the absence of gravity will manifest a spatial variability as is clear from Eq. (3.9) . This effect could be tested in principle, under appropriate experimental conditions similar to those used in the GP-B experiment, namely with recourse to drag-free motion of satellites in polar or equatorial orbits around a spherical mass, housing the probe (in this case a capacitor) in vacuum under extreme low temperatures achieved by cryogenics.
According to the hypothesis we explore here, in the curved geometry around a massive object the electric permittivity of vacuum is not homogeneous, but has a radial dependence instead. For black holes, this effect influences electric fields more strongly near the horizon. The strength of the effect is maximum at the horizon where the magnitude of the electric field is 0.5 times weaker than the case with a constant permittivity tensor. In principle, this effect could be tested using electric fields inside capacitors. The expressions (3.19) and (3.21) we obtained can be generalized to include the PPN approach. Similar considerations apply to magnetic fields around massive spherical (non-rotating) objects.
The hypothesis for non-homogeneous permittivity and permeability (electromagnetic) properties of vaccum leads to the result that the speed of electromagnetic waves is not the same in every point around a massive object. Instead, it must have a radial dependence. Using the Ansatz considered in this work, Eqs. (3.17) and (3.35) , in the first order approximation (with respect to Taylor expansions in powers of r Sch /r), we get
As a consequence, local observers could still agree about the velocity of light and the local conformal structure of spacetime, i.e., the local light-cone, but the change in the (local) light cone structure from one point to another now has both the influence of the spacetime curvature and the fact that the permittivity and permeability tensors change. This prediction for a non-homogeneous (but isotropic) speed of light in vacuum, in the spherical gravitational fields around massive objects, should have observable consequences that need to be tested experi-mentally.
In the axisymmetric spacetime around rotating sources, electrostatics and magnetostatics are no longer separated, but instead become coupled due to the presence of off-diagonal time-space metric components. We considered the metric in Eq. (3.45) which corresponds to the spacetime around a rotating spherical mass in the weak field and slow rotation regime. This metric has the off diagonal component proportional to the angular momentum of the source. Such metric components, correspond in linearised gravity to the components of the gravitomagnetic potential characteristic of frame dragging (Lens-Thirring) effects around axisymmetric astrophysical systems in rotation. The coupling to spacetime geometry, in particular to gravitomagnetism, induces magnetic corrections to the Gauss law, i.e., Eq. (2.11). This coupling suggests that even static magnetic fields can act as sources of electric fields via the gravitomagnetic frame dragging character of spacetime around rotating objects. In fact, the magnetic field around rotating neutron stars feels the presence of very strong gravity and therefore spacetime curvature should not be neglected. In such astrophysical conditions, the theory here exposed, suggests an induced electric field component, generated by the coupling between the magnetic field and the geometrodynamical character of gravity. Some work has been done in the past related to these issues (see [33, 34] ) but much more can be investigated. This is an illustration of a gravitomagnetic effect affecting electromagnetism directly through the very nature of the field equations in curved spacetime. It opens our perspectives in the way we imagine the astrophysical environment of such compact objects and also other sources of strong astromagnetic fields
As mentioned in Section III B, another possible application comes from supermassive rotating black holes in the center of disk-shaped galaxies. It is believed that the interaction of these supermassive black holes with the surrounding galactic environment is an important ingredient in the formation and evolution of the whole Galaxy and in the formation and evolution of AGNs and stellar formation bursts. On the other hand, it is also well known that the frame-dragging character of the gravitomagnetic field around a rotating mass can be understood as a differential rotation of curved spacetime around the rotation axis of the object. Such a rotation is analogous to what happens in tornadoes where, in contrast to rigid bodies, the angular velocity is higher towards the center and decays with radial distance. Accordingly, from the coupling between gravitomagnetism and electromagnetic fields within Maxwell's equations, it is natural to expect a frame-dragging effect on these fields. Therefore, an electric field produced by a supermassive charged, rotating black hole, would feel the differential rotation of spacetime resulting in a spiral pattern for the electric field lines along the galactic equator. This could induce currents and stationary charge density spiral patterns on the surrounding ionized gas. If this relativistic (non-Newtonian) effect might provide some light into the understanding of the formation processes of spiral structures in galaxies, remains a challenging and open question.
In any case, we found the radial component of an axially symmetric electric field, solution to the Gauss law, in the geometry given by Eq. (3.47). This solution again confirms that gravitational fields can decrease the magnitude of electromagnetic fields in vacuum and the gravitomagnetic term (proportional to the source's angular momentum) also contributes to this effect. It is also pedagogical to illustrate the role of the coupling between gravity and electromagnetism for testing different theories of gravity. We also generalized the constitutive relations in this case, to introduce non-homogeneity and anisotropy in the permittivity tensor, corresponding to a spacetime with axial symmetry.
In this work we briefly explored the idea that the electromagnetic properties of physical vacuum should follow the spacetime isometries. This idea reinforces the debate and research about the deep relation between gravity and electromagnetic fields, spacetime and the nature of vacuum. In particular, the conformal (casual) structure of spacetime is fundamentally connected to electromagnetism and the constitutive relations. The electromagnetic properties of vacuum and the conformal part of the metric appear in the constitutive relations between the fields and excitations, therefore, in principle the electromagnetic properties of vacuum should not be considered to be independent from the spacetime isometries or more specifically to the local conformal structure. Following this reasoning one can even reduce the number of concepts in an attempt to unify different approaches to the same problem. In this sense one can speak about the electromagnetic properties of the "spacetime medium".
Following these ideas, the (local) conformal structure of spacetime becomes a more fundamental concept than the metric structure. This can suggest the change of paradigm in spacetime physics according to which spacetime is not absolute but rather it is the local causal structure that is invariant. Therefore all observers agree on the (local) light cone related to some spacetime point but spacetime distances between any two events can be different for different observers. This change of paradigm naturally implies theories of gravity in which the (local) gauge symmetries are not Poincaré symmetries but rather those of the 15 parametric conformal group which includes the Weyl group and the proper conformal transformations. Dilatations (which belong to the Weyl group, together with the Poincaré transformations) and proper conformal transformations change the spacetime line element and obervers related by proper conformal transformations cannot be inertial observers. This wider gauge group naturally invites non-riemann geometries, in particular, general affine geometries with curvature, torsion and non-metricity tensors.
Regarding electromagnetic waves in the presence of gravity, one can show that extra terms appear in the generalized wave equations which deserves further research.
Indeed, going beyond the geometrical optics limit, light deflection (null geodesics) and gravitational redshift are not the only effects arising from the coupling between light and gravity. More generally, all electromagnetic waves can experience gravitational effects on the amplitudes, frequencies and polarizations [11] (see also [35] ). Besides, electric and magnetic wave dynamics become coupled in general, even in the Lorenz gauge. The coupling between the dynamics of different components suggests polarization effects. Moreover, there are terms in the wave equations depending on the first derivatives of the electromagnetic fields and similar terms for the wave equations written in terms of the potentials (2.19). These terms might be responsible for a gravitational contribution to the decay of the oscillations, but formally, these are also compatible with the existence of longitudinal modes induced by spacetime curvature, since similar terms appear in wave equations for vector fields with longitudinal modes. The fundamental reason behind this is the fact that in the presence of gravity the electric field in vacuum is no longer divergent-free (in the sense that ∂ k E k = 0). One can easily show that in the spacetime around a rotating astrophysical object, the equation for the potential includes the influence of the gravitomagnetic term and therefore, one expects that the electromagnetic field will experience a frame-dragging (Lens-Thirring) effect due to the gravitomagnetism. In fact, one can show that the gauge invariant wave equation for the coupled electric and magnetic fields also includes similar gravitomagnetic terms. These terms not only contribute to the decay of the wave amplitude, but will also provide a geometrically induced coupling between the dynamics of the various electric and magnetic components which will most probably affect the polarization. Gravitomagnetic effects on electromagnetic waves deserve further research with potential applications for relativistic astrophysics related to Pulsars, AGNs and for the study of the electromagnetic counterpart of gravitational wave sources. 
